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ABSTRACT. In this paper, the authors introduce and establish the stability of single variable mixed
undecic- dodecic functional equation in intuitionistic fuzzy Banach spaces.

1. INTRODUCTION

The study of stability problems for functional equations is connected to a question of Ulam [31]
concerning the stability of group homomorphisms and positively answered for Banach spaces
by Hyers [14]. It was further generalized and outstanding results was obtained by number of
authors see ([15, 18, 23, 25, 26]). During the last seven decades, the above problem was tackled by
numerous authors and its solutions via various forms of functional equations were discussed one
can refer [11, 12, 13, 16, 20, 24, 32, 33, 35] and references cited there in.

M.Arunkumar_et._al, [3] introduced and established the general solution and generalized
Ulam - Hyers stability of thesimple additive-quadratic and simple cubic-quartic functional equa-
tions

f(2x) =3f(x) + f(—x), (1.1)
and
g(2x) = 12g(x) + 4g(—x), (1.2)
having solutions
f(x) =ax+bx®> and  g(x) = cx® 4 dx?, (1.3)
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By the above motivation, recently M. Arunkumar and P. Agilan introduced and discussed the
generalized Ulam - Hyers stability simple mixed quintic - sextic, septic - octic, nonic - decic func-
tional equations of the form

8(2p) = 488(p) + 168(—p) (1.4)
1(2q) = 1921(q) + 6411 (—q) (1.5)
(2r) = 768y (r) + 2561(—r) (1.6)

in Banach space.

In this paper, the authors introduce and establish the stability of single variable mixed undecic
- dodecic functional equation

g(5x) = 146,484,375g(x) + 97,656,250g(—x) (1.7)
in intuitionistic fuzzy Banach spaces. The above equation having solution
g(x) = cp x4 cp a2 (1.8)

Lemma 1.1. An odd function g : X — Y satisfies the functional equation then
g(5x) = 48,828,125¢(x) = 511 ¢g(x)

forallx € X

Lemma 1.2. An even function g : X — Y satisfies the functional equation then
g(5x) = 244,140,625¢(x) = 5"2¢(x)

forallx € X

2. DEFINITIONS AND NOTATIONS OF INTUITIONISTIC FUZZY BANACH SPACE

Now, we recall the basic definitions and notations in the setting of intuitionistic fuzzy normed
space.

Definition 2.1. A binary operation * : [0,1] x [0,1] — [0,1] is said to be continuous t-norm if *
satisfies the following conditions:

(1) * is commutative and associative;

(2) * is continuous;

() ax1=uaforalla e [0,1);

(4) axb < cxdwhenevera < candb <d foralla,b,c,d € [0,1].

Definition 2.2. A binary operation ¢ : [0,1] x [0,1] — [0, 1] is said to be continuous t-conorm if o
satisfies the following conditions:

(1) o is commutative and associative;

(2) ¢ is continuous;

(3) ac0=aforalla € [0,1];

(4) aob < codwhenevera < candb <d foralla,b,c,d € [0,1].

Using the notions of continuous t-norm and t-conorm, Saadati and Park [28] introduced the
concept of intuitionistic fuzzy normed space as follows:

Definition 2.3. The five-tuple (X, u, v, *,©) is said to be an intuitionistic fuzzy normed space (for short,
IFNS) if X is a vector space, * is a continuous t-norm, ¢ is a continuous t— conorm, and y, v are fuzzy
sets on X x (0, 00) satisfying the following conditions. For every x,y € X and s,t > 0
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(IFN1) p(x,t) +v(x,t) <1,

(IEN2) u(x,t) >0,

(IEN3) u(x,t) =1, zfand only if x = 0.

(IFN4) p(ax,t) = p (x, 1) for each o # 0,

(IFN5) () ji(y, ) < x4y, +5),

(IFN6) p(x,-) : (0,00) — [0,1] is continuous,

(IFN7) li u(x,t) =1and hm],t(x 1) =0,

(IFNS) v(x.f) <1,

(IFN9) v(x,t) =0, zfand only if x = 0.
(IEN10) v(ax,t) = v (x, L) for each « # 0,
(IFN11) v(x,t) o v(y,s) = v(x +y,t +5),
(IFN12) v(x, ") :

(0,00) — [0,1] is continuous,
t

(IFN13) tlﬂoo (x,t) = 0and hn& v(x,t) =1

In this case, (u,v) is called an intuitionistic fuzzy norm.

Example 2.4. Let (X, ||||) be a normed space. Let axb = aband aob = min{a+ b,1} forall a,b €
[0,1]. For all x € X and every t > 0, consider

t j .
u(x,t) :{ 6+Hx|\ {f t>0;

if t<0;

and

. .
vxt) =4 m P20
0 if t<0.

Then (X, u, v, *,©) is an IFN-space.
The concepts of convergence and Cauchy sequences in an intuitionistic fuzzy normed space
are investigated in [28].

Definition 2.5. Let (X, u, v, *,©) be an IFNS. Then, a sequence x = {xy} is said to be intuitionistic fuzzy
convergent to a point L € X if

im p(xpy—L,t) =1 and lim v(xy—L,t) =0
forall t > 0. In this case, we write

IF
X — L as k — o0

Definition 2.6. Let (X, u,v,*,©) be an IFN-space. Then, x = {xy} is said to be intuitionistic fuzzy
Cauchy sequence if

U (xkﬂ, — X, t) =1 and v (xk+p — X, t) =0
forallt >0,andp=1,2---.
Definition 2.7. Let (X, u,v,*,¢) be an IFN-space. Then (X, j,v,*,9) is said to be complete if every

intuitionistic fuzzy Cauchy sequence in (X, 4, v, *,9) is intuitionistic fuzzy convergent (X, u, v, *,0).

Hereafter throughout this paper, assume that X is a linear space, (Z, #’,v’) is an intuitionistic
fuzzy normed space and (Y, y, v) an intuitionistic fuzzy Banach space.
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3. STABILITY RESULTS IN INTUITIONISTIC FUZZY BANACH SPACE

K\’
Theorem 3.1. Let j € {1, —1}. Let Yyp : X — Z be a function such that for some 0 < (511) <1,

W (Yup (5"x),t) > u' (K"¥up (x),t)
(3.1)
v (TUD (S”fx) ,f) < (knjqjup (X) ,t)
forall x € Xandall t > 0 and
lim 3/ (Yup (5"x),5'"t) =1
(3.2)

lim v/ (Yyp (5"x),5'"t) =0
forallx € Xandallt > 0. Let g, : X — Y be an odd function satisfying the inequality
1 (gu(5x) — 146,484,3759, (x) — 97,656,250, (—x), t) > u' (Yup (x), )
v (gu(5x) — 146,484,375g,(x) — 97,656,250g,(—x),t) < v' (Yup (x),t) } &9
forall x € X and all t > 0. Then there exists a unique undecic mapping U : X — Y satisfying and
#(gu(x) = U(x), ) = ' (Yup (x),£[5" —K|) }

v (gu(x) —U(x),t) <v' (Yup (x),|5" — k)
forallx € Xandall t > 0.

(3.4)

Proof. Case (i): Let j = 1. Using oddness of f in in (3.3), we obtain
#(gu(5x) —48828125¢ (x),t) > ¢’ (Yup (x),t)
v (gu(5x) — 48828125¢ (x),t) < v/ (Yup (x),t)
forall x € X and all £ > 0. From (3.5) we arrive
p(u(5x) —5Mg (x),t) > ' (¥up (x), 1) }
v (gu(5x) —5M1g (x),t) <V (Fup (x),1)
forall x € X and all t > 0. Using (IFN4) and (IFN10) in (3.6), we have

(S5 0 5m) 2 (o

(3.5)

(3.6)

(3557 80, g) <V (Fuo (),

forall x € X and all t > 0. Substituting x by 5"x in (3.7), we arrive
5(n+1) t
p(8T) g5, ) 2 W (Fun 50,
(3.8)
v(gu(5(n+l)x) t

L — gu(5"), 5?) < v (Yup(5"x), 1)
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forallx € X and all ¢ > 0. It is easy to verify from and using (3.1), (IFN4), (IFN10) that
gu(5"x)  gu(5"x) ¢ / t
V( 511(n+1) 5lln ’/5l1 _51171) 2P TUD(x)fﬁ
gu(5"x)  gu(5"x) t / t
V( 511(n+1) 5lln /511 .51171) < v {Yun(x), pn
forall x € X and all ¢ > 0. Interchanging ¢ into k"t in , we have

gu(5"x)  qu(5"x)  t-k"
V( 5li(n+1)  5lln ’5ll ,511n> > ' (Yup(x),t)

(3.10)

gu(5"x)  gu(5"x) t-k"
( 511(n+1) 5lin 7 gll ,511n) <v' (Yup(x),)

forall x € X and all t > 0. It is easy to see that

gu(5"x) — qu(x) = (= gu(5i+1x) gu(5ix) (3.11)

511n 5l1(i+1) 51l

for all x € X. It follows from (3.10) and (3.11), we get

gu(5"x) okt (57 x)  gu(5ix) " kit
V( 511n _gl‘(x)f§]511.511i - i;) 511(i+1) 5l '2511 51T

gu(5"x) bkt (57 1x) g (5x) ”*
V( 5Tin _gll(x)/§511.511i - l;) 511(i+1) 5 511 5111

for all x € X and all t > 0. Using (IFNS5) and (IFNA11) in ( , we have
gu(5"x) il kit 1 (gu(5x)  gu(5'x) kit
H ( 5Tin — gu(), Zo 5T 5107 | = gty 511(i+1) 5l /5l 51l
1=
Qu(5"x) ol kit 1 (gu(5Fx)  gu(5ix) Kt
v < s~ Sul), Z(:) it g ) <150 v 511(i+1) 5l /51151l
=

where

(3.12)

(3.13)

n—1
ch:cl*cz*---*cn
i=0

and
n—1
Hd] :d1<>d2<>---<>dn
i=0
forall x € X and all £ > 0. Hence, from (3.13) and (3.10), we arrive

u(5" (= Kt n / I
z (g O ul), > 511511> > 1) 1 (Yup (x),1) = ' (Yup(x), 1
B (3.14)

) 0, T it ) ST (Pup(,0) = v (Fup (o,
511n 8u "= 515l | = i=0 up(x),£) =v' (Yup(x),t)
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forall x € X and all t > 0. Replacing x by 5" x in (3.14) and using (3.1), (IFN4), (IFN10), we obtain

gu(5"Mx)  gu(5Mx) Kt B
( S 5 5 s ) = F (Tun("), 8 = ¢ (Yup(x), gr)
=l

<gu(5n+mx) B gu(Smx) n—1 kit
i=0

— t
511 (ntm) 5T 2 511 .511(i+m)> < v/ (Yup(8"x),t) = v/ (Yup(x), pr)
(3.15)
forallx € Xand all t > 0 and all m,n > 0. Replacing t by k"'t in (3.15), we get

gu(5""x)  gu(5™x) KTt /
< 511(n+m) - 511m ,i:O 511 .511(i+m) > H (TUD(X)/t)

(3.16)

gu(5"x)  gu(5"x) "= kMt /
( 5ll(nt+m)  5llm 7 < 511 . 5li(i+m) <v (Yup(x),t)
=

forall x € X and all t > 0 and all m, n > 0. The relation (3.16) implies that

gu(5""x)  gu(5"x) ‘
y( ity 5w ! ¥ TUD(X)'Z}:% .

511 5117

gul5"73)  gu(5"x)
V( ;11(n+m) B u511m )<V ‘YUD(x)’%P"

n—1
Zi:m 5115117

(3.17)

, .
holds for all x € X and all + > 0 and all m,n > 0. Since 0 < k < 5 and ¥ (5%)1 < o0.
i=0

gu(5"x)
511n

The Cauchy criterion for convergence in IFNS shows that the sequence { } is Cauchy in

(Y, u,v). Since (Y, u,v) is a complete IFN-space this sequence converges to some pointf (x) € Y.
So, one can define the mapping i/ : X — Y by

lim u (gu(5”x) —M(x),t) =1,

51111

lim v <g”(5nx) U(x),t) =0

n—co 511n
forall x € X and all t+ > 0. Hence

n
gus(inx) LN U(x), as n — oo

Letting m = 0in (3.16), we arrive

(5~ utnt) 2w (T()M)

i—0 3TL.5TT

(5"x) t
v <gu5m —gu(x),t) <V T(x)/w
i=0 BT.5MM

(3.18)

IN
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forall x € X and all t > 0. Letting n — oo in (3.18)), we arrive
u(U(x) = gu(x),t) > p' (Fup(x),t|51 — k) }

v (U(x) = gu(x),t) <V (Yup(x), 5" —k|)

forall x € X and all t > 0. To prove f satisfies (1.7), replacing x by 5"x in (3.3) respectively, we
obtain

(3.19)

=i [u(5 - 5"x) — 146,484, 375¢,, (5" x) — 97,656,250g, (—5"x)], t)
>y’ (Aup(5"x),5""t)
3.20
, ( (3.20)

=i [9u (5 5"x) — 146,484, 375g,,(5"x) — 97,656,250, (—5"x)] , ¢
v (AUD (5nX), 511nt)

forall x € X and all t > 0. Now,

y(Z/{(Sx) — 146,484, 375U (x) — 97,656, 250L1(—x),t)

> (U(sv) 511ng”(5x) fr)

s o — 146,484, 3750 (x) + 146,484, 375511 gu(x), i)

s i — 97,636,250 (—x) + 97,656, 250511ngu( x), 2)

1 1 1 ‘
i 1 (s (5%) — 146,484,375 1100 (x) = 97,656,250 s gu(—%), ;) (321)
and

v(U(5x) — 146,484,375 (x) — 97,656, 250U (), 1
> v — 146,484,375U x) + 146,484, 3755111 gulx), i)

oy<—146,484,3751/{( ) + 146,484, 375511 qu(x), i)

v(( 97,656,250 (—x) + 97,656, 250511ngu( x), i)

ov(Sll—lngu(S ) — 146, 484, 375511 gu(x) — 97,656,250 —— 511 _gu(—x), i) (3.22)

forall x € X and all £ > 0. Also,

lim y( 1 1g.(5-5"x) — 146,484,375g, (5"x) —97,656,250gu(—5nx)],§) -1 62
S 3.23
;}gr;ou( st [u(5 - 5"x) — 146,484, 375g,,(5"x) — 97,656, 2508, (—5"x)], i) .

forall x € X and all t > 0. Letting n — oo in 3.22) and using (3.23), we find that ¢/ fulfills
(1.7). Therefore, U is a undecic mapping. In order to prove U(x) is uruque let U’ (x) be another
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undecic functional equation satisfying and (3.4). Hence,
pU(x) = U'(x),1)
5lin

> (u(5nx) ~ gu(5"), E a ) 1 (gu(5”x) —U'(5"x), t'52m)

5lln t ‘511 _ k‘ 51171 ¢ |511 _ k|
!/ n > /
W\ Yup(5"x), ——F—— ) > (‘FUD(X)IZ.kn )
) —U'(x

v(U(x (x),t)
) (U(Snx) ('), f-52“”) ov (gu(5"x) ~U'(5"), t'52m)

llnt ll_k 11nt ll_k
S l// <Tu[)(5nx), 75 |z |) S 1// (TUD(JC), —5 |5 |)

Y

IN

2 kn
511n ¢ |511 o k|
for all x € X and all ¢ > 0. Since nlgn —m 0o, we obtain
. 511n t 511_k‘ B
Jim ' (Fu (), =5 ) =1
. 5 |5 —k
nlg{}ol/’ (‘YUD(x)/ %) =0

forallx € X and all t > 0. Thus

pU) —U'(x), 1) =1 }
v(U(x)—U'(x),t) =0

forall x € X and all t > 0. Hence, U (x) = U’ (x). Therefore, U (x) is unique.
Case 2: For j = —1. Putting x by £ in (3.6), we get

i (gu(x) =5"g (3) 1) = ' (Yup (5) 1) }
v (gu(x) =5"g (5) 1) <v' (Yup (5) 1)

for all x € X and all t > 0. The rest of the proof is similar to that of Case 1. This completes the
proof. 0

(3.24)

The following corollary is an immediate consequence of Theorem 3.1} regarding the stability of
(1.7)
Corollary 3.2. Suppose that an odd function g, : X — Y satisfies the double inequality

/
1 (gu(5x) — 146,484, 3759, (x) — 97,656,2508, (—x), t) > { Z, Eg’(tl)lolcllr) )
v (IL8), i (3.25)
VAL |x]7) 1),
forall x € Xandall t > 0, where I1,r are constants with I1 > 0 and r # 11. Then there exists a unique
udecic mapping U : X — Y such that

v (gu(5x) — 146,484,375g,(x) — 97,656,2509,(—x),t) < {

_ ' (IL |51 —1]t),
plan) 00 = { B gy
(3.26)
v (I, |51 = 1]t),
v (gu(x) —U(x), 1) < { e sy,

forall x € Xandall t > 0.
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k \/
Theorem 3.3. Let j € {1, —1}. Let Ayp : X — Z be a function such that for some 0 < <512> <1,

W (Yup (5"x) 1) > ' (K¥up (x),1) }
(3.27)

v (‘PUD (S"Jx) ,i’) < v (knjAUD (x) ,i’)
forall x € X and all t > 0 and

lim p' (Yup (5x),5'2"t) =1

n—o0

‘ ‘ (3.28)
lim v/ (Yup (5/"x),5'%"t) =0

n—o0
forall x € Xandall t > 0. Let g5 : X — Y be an even function satisfying the inequality
1 (ga(5x) — 146,484,375¢,4(x) — 97,656,250, (—x),t) > u' (Yup (x),t) }

v (g4(5x) — 146,484, 375¢,(x) — 97,656,250, (—x),t) < v (Yup (x),t)

(3.29)

forall x € X and all t > 0. Then there exists a unique dodecic mapping D : X — Y satisfying and
1 (8a(x) = D(x),t) > ' (Yup (x),[5" — klt) }

v (galx) ~U(x),1) <V (Tup (x),[52 — K|t)
forall x € Xandall t > 0.

(3.30)

Proof. Case (i): Let j = 1. Using evenness of f in in (3.29), we obtain
1 (g4(5x) — 244140625¢ (x) ,t) > ' (Yup (x),t) }

v (g4(5x) — 244140625¢ (x),t) < v (Yup (x),t)

(3.31)

forall x € X and all £ > 0. From (3.31)) we have
1 (8a(5%) =528 (x),t) = ' (Yup (x),1) }

v(ga(5x) =5%g (x),t) <v' (Fup (x),1)
forall x € X and all # > 0. The rest of the proof is similar to that of Theorem 3.1} g

(3.32)

The following corollary is an immediate consequence of Theorem 3.3} regarding the stability of

(1.7)
Corollary 3.4. Suppose that an even function g; : X — Y satisfies the double inequality
1 (g4(5x) — 146,484,375g,4(x) — 97,656,2509,(—x), t) >

v (g4(5x) — 146,484,375¢,4(x) — 97,656,2508,(—x), ) <
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forall x € X andall t > 0, where I1, r are constants with I1 > 0 and r # 12. Then there exists a unique
dodecic mapping D : X — Y such that

/ H,|512 _ 1|t ,
”@““_D“””Z{g%mum5u>wm,

(3.34)
v/ (I, [512 — 1]¢),
vt =20 < {9 s,

forall x € Xandall t > 0.

) , k\/
Theorem 3.5. Let j € {1, —1}. Let Ayp : X — Z be a function such that for some 0 < (511> ,0 <

j
(51;) < 1, with conditions , 3.27), and (3.28) forall x € X and all t > 0. Let g: X — Y be

a function satisfying the inequality

1 (g4(5x) — 146,484,375¢,(x) — 97,656,250 (—x),t) > ' (Fup (x),t) }

(3.35)
v (g4(5x) — 146,484,375¢,(x) — 97,656,2508,4(—x),t) < v (Yup (x),t)

forall x € X and all t > 0. Then there exists a unique undecic mapping U : X — Y and a unique
dodecic mapping D : X — Y satisfying and

p(g(x) —U(x) —D(x),t)
> ‘M/ (‘FUD (x) , |511 — p|t) * ‘u/ (‘YUD (—x) , |511 — pli’)
s’ (Yup (x),[5% = plt) =’ (Fup (—x),[5" = plt)
v(g(x) —U(x) — D(x),t)
<v' (¥up (x),[5" — plt) ov' (Yup (—x),|5" — plt)
ov'! (TUD (X) ’ |512 - P|t) o (TUD (*x) ’ |512 - p|t)
forall x € Xandall t > 0.

(3.36)

Proof. Let go(x) = 8u(¥) = gu(=%) for all x € X. Then g,(0) = 0 and g,(—x) = —go(x) for all
x € X. Hence by Theorem we have

p(8o(x) =U(x),t) > ' (Yup (x), 5" = k|t) * ' (Yup (—x), 5" —K|t) }
(3.37)

v (go(x) —U(x),t) <V (Yup (x), |51 —k[t) o/ (Yup (—x), [5H — k|t)

forall x € X and all t > 0. Also, let g.(x) = w for all x € X. Then g.(0) = 0 and
ge(—x) = ge(x) for all x € X. Hence by Theorem 3.3 we have

p(8e(x) = D(x),t) = ' (Fup (x), 5" = k|t) x4’ (Yup (—x),|5" — k|t)

(3.38)
v (ge(x) = D(x),t) <V (Fup (x), |52 —k[t) o v/ (Yup (—x), [512 — k|t)

forall x € X and all t > 0. Define

g(x) = go(x) + ge(x) (3:39)
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for all x € X. From (3.37),(8.38) and (3.39), we arrive
p(8(x) =U(x) = D(x),2t) = (go(x) + &e(x) —U(x) = D(x),2t)
> 1 (o(x) —U(x), 1) % pt (e(x) = D(x),t)
> ' (Fup (x), 18" = klt) ' (Fup (—x), 5" — klt)

- (‘i’up (x), |52 - k|t) — (‘I’UD (—x),[512 — k|t)

and
v (g(x) —U(x) = D(x),2t) = v (go(x) + ge(x) —U(x) — D(x),2t)
< v (g(x) —U(x),t) xv (ge(x) — D(x),t)
< v (‘YLID (x) , |511 - k‘i’) o (AUD (—x) , |511 — k|t>
o (‘I’UD (x), 5" — k|t) o (‘I’UD (—x),[5'% — k|t>
forallx € Xandall f > 0. O

The following corollary is an immediate consequence of Theorem 3.5} regarding the stability of
(L.7)

Corollary 3.6. Suppose that a function g : X — Y satisfies the double inequality

) - B W (I, t),

p (g(5%) — 146,484, 375g (x) — 97,656, 250( WV{ W (IL([[x]]7) 1), (3.40)
v (IL 1), '
v (I (21", 1),

forall x € X andall t > 0, where I, r are constants with IT > 0 and r # 11,12. Then there exists a
unique undecic mapping U : X — Y and a unique dodecic mapping D : X — Y such that

u(g(x) —U(x) —D(x),t)

o [ (L5 = 1]t) s g (T1, (512 —1]t),
=L (T (5T = 57 ) s (T[], 572 = 57]E)

v (g(5x) — 146,484,375¢(x) — 97,656,250g(—x),t) < {

(341)
v(g(x) = U(x) = D(x),t)
< [V (IL|5" —1t) ov' (IL, [5'% — 1[t),

v (I |x]|", |51 = 57[t) o v/ (IT||x]|", [5'2 — 5"[t),

forall x € Xandall t > 0.
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